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PATTERN RECOGNITION ON ORIENTED MATROIDS:
SYMMETRIC CYCLES IN THE HYPERCUBE GRAPHS. III
ANDREY O. MATVEEV
Abstract. We present statistics on the decompositions (with respect to
a distinguished symmetric 2t-cycle) of vertices of the hypercube graph,
whose negative parts are regarded as disjoint unions of two subsets of
the ground set {1, . . . , t} of the corresponding oriented matroid.
1. Introduction
We continue to study the decompositions of vertices T ∈ {1,−1}t, t ≥ 3,
of the hypercube graph H(t, 2) with respect to its distinguished symmetric
2t-cycle.
Recall that vertices T ′ := (T ′(1), . . . , T ′(t)) and T ′′ := (T ′′(1), . . . , T ′′(t))
are adjacent in the graphH(t, 2) if and only if |{e ∈ Et : T
′′(e) = −T ′(e)}| =
1, where Et := [t] := {1, . . . , t} is the ground set of the corresponding
oriented matroid H := (Et, {1,−1}
t), with the set of topes {1,−1}t, which
is realizable as the arrangement of coordinate hyperplanes in Rt, see, e.g., [3,
Example 4.1.4].
We denote by T(+) := (1, . . . , 1) the positive tope of the oriented ma-
troid H; the negative tope −T(+) is denoted by T(−). Given a subset A ⊆ Et,
we let −AT
(+) denote the tope T whose negative part T− := {e ∈ Et : T (e) =
−1} is the set A, that is,
(−AT
(+))(e) :=
{
−1 , if e ∈ A ,
1 , if e 6∈ A ;
if s ∈ Et, then we write −sT
(+) instead of −{s}T
(+).
As earlier in [16], throughout this note we will be dealing exclusively with
one distinguished symmetric 2t-cycle R := (R0, R1, . . . , R2t−1, R0) in the
graph H(t, 2), whose vertex sequence is as follows:
R0 := T(+) ,
Rs := −[s]R
0 , 1 ≤ s ≤ t− 1 ,
(1.1)
and
Rk+t := −Rk , 0 ≤ k ≤ t− 1 . (1.2)
The subsequence of vertices (R0, . . . , Rt−1) is a basis of the space Rt; for any
vertex T of the graph H(t, 2), there exists a unique vector x := x(T ) :=
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x(T,R) := (x1, . . . , xt) ∈ {−1, 0, 1}
t such that
T =
∑
i∈[t]
xi · R
i−1 . (1.3)
Thus, the set
Q(T,R) := {xi ·R
i−1 : xi 6= 0}
is the unique inclusion-minimal subset of vertices of the cycle R such that∑
Q∈Q(T,R)
Q = T ,
see [15, Section 11.1],[16, §1]. In particular, we have |Q(T,R)| = ‖x‖2 =:
〈x,x〉, where 〈·, ·〉 is the standard scalar product on Rt.
In Theorem 4.1 we obtain statistics on partitions T− = A∪˙B of the
negative parts of vertices T of the hypercube graph H(t, 2) into two sub-
sets and on the decompositions of vertices, Q(−AT
(+),R), Q(−BT
(+),R)
and Q(T,R), with respect to the symmetric cycle R.
2. Partitions of the negative parts of topes into two subsets,
and the decompositions of topes
Given two vertices T ′ and T ′′ of the graphH(t, 2), we denote by S(T ′, T ′′)
their separation set, that is, S(T ′, T ′′) := {e ∈ Et : T
′(e) = −T ′′(e)}. Note
that if xe(T
′) 6= 0 and xe(T
′′) 6= 0, for some e ∈ Et, then
e 6∈ S(T ′, T ′′) =⇒ xe(T
′′) = xe(T
′) ;
e ∈ S(T ′, T ′′) =⇒ xe(T
′′) = −xe(T
′) ,
see [16, §2].
For elements s ∈ Et, we denote by σ(s) := (0, . . . , 1
↑
s
, . . . , 0) the vectors of
the standard basis of Rt, and we define vectors y(s) := y(s; t) by
y(s) := x(−sT
(+)) .
Remark 2.1. It follows from [16, Rem. 2.2] that if A and B are disjoint
subsets of the ground set Et, then
x(−(A∪˙B)T
(+)) = (1− |A| − |B|) · σ(1) +
∑
s∈A
y(s) +
∑
s∈B
y(s)
= x(−AT
(+))− |B| · σ(1) +
∑
s∈B
y(s)
= −|A| · σ(1) +
∑
s∈A
y(s) + x(−BT
(+)) ,
that is,
x(−(A∪˙B)T
(+)) = −σ(1) + x(−AT
(+)) + x(−BT
(+)) .
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As a consequence, we have
‖x(−(A∪˙B)T
(+))‖2 = ‖x(−AT
(+)) + x(−BT
(+))‖2
− 2
(
x1(−AT
(+)) + x1(−BT
(+))
)
+ 1
= ‖x(−AT
(+))‖2 + ‖x(−BT
(+))‖2 + 2〈x(−AT
(+)),x(−BT
(+))〉
− 2x1(−AT
(+))− 2x1(−BT
(+)) + 1 .
3. Inclusion of the negative parts of topes, and the
decompositions of topes
Let us consider the vectors x(T ′) and x(T ′′) associated with vertices
T ′, T ′′ ∈ {1,−1}t of H(t, 2), whose negative parts are comparable by in-
clusion.
Proposition 3.1. Let A and C be two sets such that A ⊆ C ⊆ Et.
(i) If
{1, t} ∩A = {1, t} ∩C ,
then
x(−CT
(+)) = x(−AT
(+))−
∑
i∈C−A
( σ(i)− σ(i+ 1) ) .
(ii) If
{1, t} ∩A = {1} and {1, t} ∩ C = {1, t} ,
or
|{1, t} ∩A| = 0 and {1, t} ∩C = {t} ,
then
x(−CT
(+)) = x(−AT
(+))− σ(1)− σ(t)−
∑
i∈C−(A∪˙{t})
( σ(i)− σ(i+ 1) ) .
(iii) If
|{1, t} ∩A| = 0 and {1, t} ∩ C = {1} ,
or
{1, t} ∩A = {t} and {1, t} ∩C = {1, t} ,
then
x(−CT
(+)) = x(−AT
(+))− σ(1) + σ(2)−
∑
i∈C−(A∪˙{1})
( σ(i)− σ(i+ 1) ) .
(iv) If
|{1, t} ∩A| = 0 and {1, t} ∩C = {1, t} ,
then
x(−CT
(+)) = x(−AT
(+))−2σ(1)+σ(2)−σ(t)−
∑
i∈C−(A∪˙{1,t})
( σ(i)−σ(i+1) ) .
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Proof. We will use [16, Rem. 2.3]:
(a) If
{1, t} ∩ C = {1} ,
then
A ⊆ C =⇒ x(−AT
(+)) =


σ(2) −
∑
i∈A−{1}( σ(i)− σ(i+ 1) ) ,
if 1 ∈ A ,
σ(1) −
∑
i∈A( σ(i)− σ(i+ 1) ) , if 1 6∈ A
=
{
x(−CT
(+)) +
∑
i∈C−A( σ(i)− σ(i+ 1) ) , if 1 ∈ A ,
x(−CT
(+)) + σ(1)− σ(2) +
∑
i∈C−(A∪˙{1})( σ(i) − σ(i+ 1) ) , if 1 6∈ A .
(b) If
{1, t} ∩ C = {1, t} ,
then
A ⊆ C =⇒
x(−AT
(+)) =


σ(2)−
∑
i∈A−{1}( σ(i)− σ(i+ 1) ) ,
if {1, t} ∩A = {1} ,
−σ(1) + σ(2)− σ(t)−
∑
i∈A−{1,t}( σ(i) − σ(i+ 1) ) ,
if {1, t} ∩A = {1, t} ,
σ(1)−
∑
i∈A( σ(i) − σ(i+ 1) ) , if |{1, t} ∩A| = 0 ,
−σ(t)−
∑
i∈A−{t}( σ(i)− σ(i+ 1) ) ,
if {1, t} ∩A = {t}
=


x(−CT
(+)) + σ(1) + σ(t) +
∑
i∈C−(A∪˙{t})( σ(i)− σ(i+ 1) ) ,
if {1, t} ∩A = {1} ,
x(−CT
(+)) +
∑
i∈C−A( σ(i)− σ(i+ 1) ) , if {1, t} ∩A = {1, t} ,
x(−CT
(+)) + 2σ(1) − σ(2) + σ(t) +
∑
i∈C−(A∪˙{1,t})( σ(i)− σ(i+ 1) ) ,
if |{1, t} ∩A| = 0 ,
x(−CT
(+)) + σ(1)− σ(2) +
∑
i∈C−(A∪˙{1})( σ(i)− σ(i+ 1) ) ,
if {1, t} ∩A = {t} .
(c) If
|{1, t} ∩ C| = 0 ,
then
A ⊆ C =⇒ x(−AT
(+)) = σ(1) −
∑
i∈A
( σ(i)− σ(i+ 1) )
= x(−CT
(+)) +
∑
i∈C−A
( σ(i)− σ(i+ 1) ) .
(d) If
{1, t} ∩ C = {t} ,
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then
A ⊆ C =⇒
x(−AT
(+)) =
{
σ(1)−
∑
i∈A( σ(i) − σ(i+ 1) ) , if t 6∈ A ,
−σ(t)−
∑
i∈A−{t}( σ(i)− σ(i+ 1) ) , if t ∈ A
=
{
x(−CT
(+)) + σ(1) + σ(t) +
∑
i∈C−(A∪˙{t})( σ(i)− σ(i+ 1) ) , if t 6∈ A ,
x(−CT
(+)) +
∑
i∈C−A( σ(i)− σ(i+ 1) ) , if t ∈ A .

4. Statistics on partitions of the negative parts of vertices of
the hypercube graph and on the decompositions of vertices
Recall that for any odd integer ℓ ∈ Et, we have
|{T ∈ {1,−1}t : |Q(T,R)| = ℓ}| = 2
(t
ℓ
)
,
see [15, Th. 13.6].
Note also that |Q(T(+),R)| = |Q(T(−),R)| = 1.
Now let j ∈ [t− 1]. If
j < ℓ−12 or j > t−
ℓ−1
2 ,
then
|{T ∈ {1,−1}t : |T−| = j, |Q(T,R)| = ℓ}| = 0 .
If
ℓ−1
2 ≤ j ≤ t−
ℓ−1
2 ,
then
|{T ∈ {1,−1}t : |T−| = j, |Q(T,R)| = ℓ}|
= |{T ∈ {1,−1}t : |T−| = t− j, |Q(T,R)| = ℓ}|
=
(
j − 1
ℓ−1
2
)(
t− j
ℓ−1
2
)
+
(
t− j − 1
ℓ−1
2
)(
j
ℓ−1
2
)
,
see [16, Th. 2.7].
Given odd integers ℓ′, ℓ′′, ℓ ∈ Et and certain positive integers j
′ and j′′,
in this section we obtain statistics related to the following family of ordered
pairs (A,B) of disjoint unordered subsets A and B of the ground set Et:{
(A,B) ∈ 2[t]×2[t] : |A∩B| = 0, 0 < |A| =: j′ < t, 0 < |B| =: j′′ < t,
j′ + j′′ < t,
|Q(−AT
(+),R)| = ℓ′, |Q(−BT
(+),R)| = ℓ′′, |Q(−(A∪˙B)T
(+),R)| = ℓ
}
.
(4.1)
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Theorem 4.1. (i) In the family (4.1) there are
(
t− (j′ + j′′)− 1
ℓ−1
2
)(
j′ − 1
ℓ′−3
2
)(
j′′ − 1
ℓ′′−3
2
)
×


(
ℓ−1
2
ℓ+ℓ′−ℓ′′−1
4
)(
ℓ+ℓ′+ℓ′′−7
4
ℓ−3
2
)
, if ℓ+ℓ
′+ℓ′′−1
2 odd ,
ℓ+ℓ′−ℓ′′+1
2
(
ℓ−1
2
ℓ+ℓ′−ℓ′′+1
4
)(
ℓ+ℓ′+ℓ′′−9
4
ℓ−3
2
)
, if ℓ+ℓ
′+ℓ′′−1
2 even
(4.2)
pairs (A,B) of sets A and B such that
|{1, t} ∩A| = |{1, t} ∩B| = 0 . (4.3)
(ii) In the family (4.1) there are
(
t− (j′ + j′′)− 1
ℓ−3
2
)(
j′ − 1
ℓ′−1
2
)(
j′′ − 1
ℓ′′−3
2
)
×


(
ℓ′−1
2
ℓ+ℓ′−ℓ′′−1
4
)(
ℓ+ℓ′+ℓ′′−7
4
ℓ′−3
2
)
, if ℓ+ℓ
′+ℓ′′−1
2 odd ,
ℓ+ℓ′−ℓ′′+1
2
(
ℓ′−1
2
ℓ+ℓ′−ℓ′′+1
4
)(
ℓ+ℓ′+ℓ′′−9
4
ℓ′−3
2
)
, if ℓ+ℓ
′+ℓ′′−1
2 even
(4.4)
pairs (A,B) of sets A and B such that
{1, t} ∩A = {1, t} and |{1, t} ∩B| = 0 . (4.5)
(iii) In the family (4.1) there are
(
t− (j′ + j′′)− 1
ℓ−1
2
)(
j′ − 1
ℓ′−3
2
)(
j′′ − 1
ℓ′′−1
2
)
×


ℓ+ℓ′′−ℓ′+3
2
(
ℓ−1
2
ℓ+ℓ′′−ℓ′+1
4
)(
ℓ+ℓ′+ℓ′′−5
4
ℓ−1
2
)
, if ℓ+ℓ
′+ℓ′′+1
2 odd ,
(
ℓ−1
2
ℓ+ℓ′′−ℓ′−1
4
)(
ℓ+ℓ′+ℓ′′−3
4
ℓ−1
2
)
+ ℓ+ℓ
′′−ℓ′+3
2
(
ℓ−1
2
ℓ+ℓ′′−ℓ′+3
4
)(
ℓ+ℓ′+ℓ′′−7
4
ℓ−1
2
)
,
if ℓ+ℓ
′+ℓ′′+1
2 even
(4.6)
pairs (A,B) of sets A and B such that
|{1, t} ∩A| = 0 and {1, t} ∩B = {t} . (4.7)
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(iv) In the family (4.1) there are
(
t− (j′ + j′′)− 1
ℓ−1
2
)(
j′ − 1
ℓ′−1
2
)(
j′′ − 1
ℓ′′−3
2
)
×


ℓ+ℓ′−ℓ′′+3
2
(
ℓ′−1
2
ℓ+ℓ′−ℓ′′+1
4
)(
ℓ+ℓ′+ℓ′′−5
4
ℓ′−1
2
)
, if ℓ+ℓ
′+ℓ′′+1
2 odd ,
(
ℓ′−1
2
ℓ+ℓ′−ℓ′′−1
4
)(
ℓ+ℓ′+ℓ′′−3
4
ℓ′−1
2
)
+ ℓ+ℓ
′−ℓ′′+3
2
(
ℓ′−1
2
ℓ+ℓ′−ℓ′′+3
4
)(
ℓ+ℓ′+ℓ′′−7
4
ℓ′−1
2
)
,
if ℓ+ℓ
′+ℓ′′+1
2 even
(4.8)
pairs (A,B) of sets A and B such that
{1, t} ∩A = {1} and |{1, t} ∩B| = 0 . (4.9)
(v) In the family (4.1) there are
(
t− (j′ + j′′)− 1
ℓ−3
2
)(
j′ − 1
ℓ′−1
2
)(
j′′ − 1
ℓ′′−1
2
)
×


ℓ′+ℓ′′−ℓ+3
2
(
ℓ′−1
2
ℓ′+ℓ′′−ℓ+1
4
)(
ℓ+ℓ′+ℓ′′−5
4
ℓ′−1
2
)
, if ℓ+ℓ
′+ℓ′′+1
2 odd ,
(
ℓ′−1
2
ℓ′+ℓ′′−ℓ−1
4
)(
ℓ+ℓ′+ℓ′′−3
4
ℓ′−1
2
)
+ ℓ
′+ℓ′′−ℓ+3
2
(
ℓ′−1
2
ℓ′+ℓ′′−ℓ+3
4
)(
ℓ+ℓ′+ℓ′′−7
4
ℓ′−1
2
)
,
if ℓ+ℓ
′+ℓ′′+1
2 even
(4.10)
pairs (A,B) of sets A and B such that
{1, t} ∩A = {1} and {1, t} ∩B = {t} . (4.11)
(vi) In the family (4.1) there are
(
t− (j′ + j′′)− 1
ℓ−3
2
)(
j′ − 1
ℓ′−3
2
)(
j′′ − 1
ℓ′′−1
2
)
×


(
ℓ′′−1
2
ℓ+ℓ′′−ℓ′−1
4
)(
ℓ+ℓ′+ℓ′′−7
4
ℓ′′−3
2
)
, if ℓ+ℓ
′+ℓ′′−1
2 odd ,
ℓ+ℓ′′−ℓ′+1
2
(
ℓ′′−1
2
ℓ+ℓ′′−ℓ′+1
4
)(
ℓ+ℓ′+ℓ′′−9
4
ℓ′′−3
2
)
, if ℓ+ℓ
′+ℓ′′−1
2 even
pairs (A,B) of sets A and B such that
|{1, t} ∩A| = 0 and {1, t} ∩B = {1, t} .
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(vii) In the family (4.1) there are(
t− (j′ + j′′)− 1
ℓ−1
2
)(
j′ − 1
ℓ′−1
2
)(
j′′ − 1
ℓ′′−3
2
)
×


ℓ+ℓ′−ℓ′′+3
2
(
ℓ−1
2
ℓ+ℓ′−ℓ′′+1
4
)(
ℓ+ℓ′+ℓ′′−5
4
ℓ−1
2
)
, if ℓ+ℓ
′+ℓ′′+1
2 odd ,
(
ℓ−1
2
ℓ+ℓ′−ℓ′′−1
4
)(
ℓ+ℓ′+ℓ′′−3
4
ℓ−1
2
)
+ ℓ+ℓ
′−ℓ′′+3
2
(
ℓ−1
2
ℓ+ℓ′−ℓ′′+3
4
)(
ℓ+ℓ′+ℓ′′−7
4
ℓ−1
2
)
,
if ℓ+ℓ
′+ℓ′′+1
2 even
pairs (A,B) of sets A and B such that
{1, t} ∩A = {t} and |{1, t} ∩B| = 0 .
(viii) In the family (4.1) there are(
t− (j′ + j′′)− 1
ℓ−1
2
)(
j′ − 1
ℓ′−3
2
)(
j′′ − 1
ℓ′′−1
2
)
×


ℓ+ℓ′′−ℓ′+3
2
(
ℓ′′−1
2
ℓ+ℓ′′−ℓ′+1
4
)(
ℓ+ℓ′+ℓ′′−5
4
ℓ′′−1
2
)
, if ℓ+ℓ
′+ℓ′′+1
2 odd ,
(
ℓ′′−1
2
ℓ+ℓ′′−ℓ′−1
4
)(
ℓ+ℓ′+ℓ′′−3
4
ℓ′′−1
2
)
+ ℓ+ℓ
′′−ℓ′+3
2
(
ℓ′′−1
2
ℓ+ℓ′′−ℓ′+3
4
)(
ℓ+ℓ′+ℓ′′−7
4
ℓ′′−1
2
)
,
if ℓ+ℓ
′+ℓ′′+1
2 even
pairs (A,B) of sets A and B such that
|{1, t} ∩A| = 0 and {1, t} ∩B = {1} .
(ix) In the family (4.1) there are(
t− (j′ + j′′)− 1
ℓ−3
2
)(
j′ − 1
ℓ′−1
2
)(
j′′ − 1
ℓ′′−1
2
)
×


ℓ′+ℓ′′−ℓ+3
2
(
ℓ′′−1
2
ℓ′+ℓ′′−ℓ+1
4
)(
ℓ+ℓ′+ℓ′′−5
4
ℓ′′−1
2
)
, if ℓ+ℓ
′+ℓ′′+1
2 odd ,
(
ℓ′′−1
2
ℓ′+ℓ′′−ℓ−1
4
)(
ℓ+ℓ′+ℓ′′−3
4
ℓ′′−1
2
)
+ ℓ
′+ℓ′′−ℓ+3
2
(
ℓ′′−1
2
ℓ′+ℓ′′−ℓ+3
4
)(
ℓ+ℓ′+ℓ′′−7
4
ℓ′′−1
2
)
,
if ℓ+ℓ
′+ℓ′′+1
2 even
pairs (A,B) of sets A and B such that
{1, t} ∩A = {t} and {1, t} ∩B = {1} .
Before proceeding to the proof of the theorem, recall that the Smirnov
words (see Appendix on page 15) are defined to be the words, any two
consecutive letters of which are distinct.
Let {θ, α, β} be a three-letter alphabet.
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Given two letters s′ ∈ {θ, α, β} and s′′ ∈ {θ, α, β}, we denote by
T(s′, s′′;n(θ), n(α), n(β))
the number of ternary Smirnov words (that start with s′ and end with s′′)
with exactly n(θ) letters θ, with n(α) letters α, and with n(β) letters β.
We denote by c(m;n), where c(m;n) =
(n−1
m−1
)
, the number of composi-
tions of a positive integer n with m positive parts.
We will regard sets A and B composing pairs of the family (4.1) as disjoint
unions
A = [i′1, k
′
1] ∪˙ [i
′
2, k
′
2] ∪˙ · · · ∪˙ [i
′
̺(A), k
′
̺(A)]
and
B = [i′′1 , k
′′
1 ] ∪˙ [i
′′
2 , k
′′
2 ] ∪˙ · · · ∪˙ [i
′′
̺(B), k
′′
̺(B)]
of intervals [i, k] := {i, i + 1, . . . , k} such that
k′1 + 2 ≤ i
′
2, k
′
2 + 2 ≤ i
′
3, . . . , k
′
̺(A)−1 + 2 ≤ i
′
̺(A)
and
k′′1 + 2 ≤ i
′′
2 , k
′′
2 + 2 ≤ i
′′
3 , . . . , k
′′
̺(B)−1 + 2 ≤ i
′′
̺(B) .
Proof. (i) Let us count the number of pairs (A,B) in the family (4.1) such
that
|{1, t} ∩A| = |{1, t} ∩B| = 0 .
For any such a pair, by [16, Lem. 2.6(iii)], we know that
̺(A) = ℓ
′−1
2 and ̺(B) =
ℓ′′−1
2 ,
and the set Et − (A∪˙B) is a disjoint union of
ℓ+1
2 intervals.
For each pair (A,B), pick an arbitrary system (arranged in ascending
order) of distinct representatives (e1 < e2 < · · · < e(ℓ+ℓ′+ℓ′′−1)/2) of the
intervals composing the sets A, B and Et − (A∪˙B). By making the substi-
tutions
ei 7→


θ , if ei ∈ Et − (A∪˙B) ,
α , if ei ∈ A ,
β , if ei ∈ B ,
1 ≤ i ≤ (ℓ+ ℓ′ + ℓ′′ − 1)/2 ,
for all of the pairs, we get
T
(
θ, θ; ℓ+12 ,
ℓ′−1
2 ,
ℓ′′−1
2
)
different ternary Smirnov words, of length (ℓ + ℓ′ + ℓ′′ − 1)/2, that start
with θ, end with θ, and contain exactly ℓ+12 letters θ,
ℓ′−1
2 letters α, and
ℓ′′−1
2
letters β.
10 PATTERN RECOGNITION ON ORIENTED MATROIDS
By Remark 4.2(i), we see that
T
(
θ, θ; ℓ+12 ,
ℓ′−1
2 ,
ℓ′′−1
2
)
=


( ℓ+1
2
−1
ℓ+1
2 +
ℓ′−1
2 −
ℓ′′−1
2 −1
2
)(
ℓ+1
2 +
ℓ′−1
2 +
ℓ′′−1
2 −3
2
ℓ+1
2
−2
)
, if ℓ+ℓ
′+ℓ′′−1
2 odd ,
( ℓ+12 +
ℓ′−1
2 −
ℓ′′−1
2 ) ·
( ℓ+1
2
−1
ℓ+1
2 +
ℓ′−1
2 −
ℓ′′−1
2
2
)(
ℓ+1
2 +
ℓ′−1
2 +
ℓ′′−1
2
2
−2
ℓ+1
2
−2
)
,
if ℓ+ℓ
′+ℓ′′−1
2 even ,
that is,
T
(
θ, θ; ℓ+12 ,
ℓ′−1
2 ,
ℓ′′−1
2
)
=


(
ℓ−1
2
ℓ+ℓ′−ℓ′′−1
4
)(
ℓ+ℓ′+ℓ′′−7
4
ℓ−3
2
)
, if ℓ+ℓ
′+ℓ′′−1
2 odd ,
ℓ+ℓ′−ℓ′′+1
2
(
ℓ−1
2
ℓ+ℓ′−ℓ′′+1
4
)(
ℓ+ℓ′+ℓ′′−9
4
ℓ−3
2
)
, if ℓ+ℓ
′+ℓ′′−1
2 even .
Since there are
T
(
θ, θ; ℓ+12 ,
ℓ′−1
2 ,
ℓ′′−1
2
)
· c
(
ℓ+1
2 ; t− (j
′ + j′′)
)
· c( ℓ
′−1
2 ; j
′) · c( ℓ
′′−1
2 ; j
′′)
pairs (A,B) of sets A and B with the properties given in (4.3), we see that
the number of these pairs in the family (4.1) can be calculated by means
of (4.2).
(ii) Let us count the number of pairs (A,B) in the family (4.1) such that
{1, t} ∩A = {1, t} and |{1, t} ∩B| = 0 .
For any such a pair, by [16, Lem. 2.6(ii), (iii)], we know that
̺(A) = ℓ
′+1
2 and ̺(B) =
ℓ′′−1
2 ,
and the set Et − (A∪˙B) is a disjoint union of
ℓ−1
2 intervals. We denote by
T
(
α,α; ℓ−12 ,
ℓ′+1
2 ,
ℓ′′−1
2
)
the number of ternary Smirnov words, of length (ℓ + ℓ′ + ℓ′′ − 1)/2, that
start with α, end with α, and contain ℓ−12 letters θ,
ℓ′+1
2 letters α, and
ℓ′′−1
2
letters β; in the family (4.1) there are
T
(
α,α; ℓ−12 ,
ℓ′+1
2 ,
ℓ′′−1
2
)
· c
(
ℓ−1
2 ; t− (j
′ + j′′)
)
· c( ℓ
′+1
2 ; j
′) · c( ℓ
′′−1
2 ; j
′′)
pairs of sets A and B with the properties given in (4.5).
By analogy with expression (4.16), the number T(α,α;n(θ), n(α), n(β))
of ternary Smirnov words that start with α, end with α, and contain n(θ)
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letters θ, n(α) letters α, and n(β) letters β, is
T(α,α;n(θ), n(α), n(β))
=


(
n(α)−1
n(α)+n(θ)−n(β)−1
2
)(
n(α)+n(θ)+n(β)−3
2
n(α)−2
)
, if n(α) + n(θ) + n(β) odd ,
(n(α) + n(θ)− n(β)) ·
(
n(α)−1
n(α)+n(θ)−n(β)
2
)(
n(α)+n(θ)+n(β)
2
−2
n(α)−2
)
,
if n(α) + n(θ) + n(β) even .
As a consequence,
T
(
α,α; ℓ−12 ,
ℓ′+1
2 ,
ℓ′′−1
2
)
=


(
ℓ′+1
2
−1
ℓ′+1
2 +
ℓ−1
2 −
ℓ′′−1
2 −1
2
)(
ℓ′+1
2 +
ℓ−1
2 +
ℓ′′−1
2 −3
2
ℓ′+1
2
−2
)
, if ℓ
′+1
2 +
ℓ−1
2 +
ℓ′′−1
2 odd ,
( ℓ
′+1
2 +
ℓ−1
2 −
ℓ′′−1
2 ) ·
(
ℓ′+1
2
−1
ℓ′+1
2 +
ℓ−1
2 −
ℓ′′−1
2
2
)(
ℓ′+1
2 +
ℓ−1
2 +
ℓ′′−1
2
2
−2
ℓ′+1
2
−2
)
,
if ℓ
′+1
2 +
ℓ−1
2 +
ℓ′′−1
2 even ,
that is,
T
(
α,α; ℓ−12 ,
ℓ′+1
2 ,
ℓ′′−1
2
)
=


(
ℓ′−1
2
ℓ+ℓ′−ℓ′′−1
4
)(
ℓ+ℓ′+ℓ′′−7
4
ℓ′−3
2
)
, if ℓ+ℓ
′+ℓ′′−1
2 odd ,
ℓ+ℓ′−ℓ′′+1
2
(
ℓ′−1
2
ℓ+ℓ′−ℓ′′+1
4
)(
ℓ+ℓ′+ℓ′′−9
4
ℓ′−3
2
)
, if ℓ+ℓ
′+ℓ′′−1
2 even .
Thus, the number of pairs (A,B) of sets A and B in the family (4.1), with
the properties given in (4.5), can be calculated by means of (4.4).
(iii) Let us consider the pairs (A,B) in the family (4.1) such that
|{1, t} ∩A| = 0 and {1, t} ∩B = {t} .
For any such a pair, by [16, Lem. 2.6(iii), (i)(b)], we know that
̺(A) = ℓ
′−1
2 and ̺(B) =
ℓ′′+1
2 ,
and the set Et − (A∪˙B) is a disjoint union of
ℓ+1
2 intervals. We denote by
T
(
θ, β; ℓ+12 ,
ℓ′−1
2 ,
ℓ′′+1
2
)
the number of ternary Smirnov words, of length (ℓ + ℓ′ + ℓ′′ + 1)/2, that
start with θ, end with β, and contain ℓ+12 letters θ,
ℓ′−1
2 letters α, and
ℓ′′+1
2
letters β; in the family (4.1) there are
T
(
θ, β; ℓ+12 ,
ℓ′−1
2 ,
ℓ′′+1
2
)
· c
(
ℓ+1
2 ; t− (j
′ + j′′)
)
· c( ℓ
′−1
2 ; j
′) · c( ℓ
′′+1
2 ; j
′′)
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pairs of sets A and B with the properties given in (4.7).
By Remark 4.2(ii), we have
T
(
θ, β; ℓ+12 ,
ℓ′−1
2 ,
ℓ′′+1
2
)
=


( ℓ+12 +
ℓ′′+1
2 −
ℓ′−1
2 ) ·
( ℓ+1
2
−1
ℓ+1
2 +
ℓ′′+1
2 −
ℓ′−1
2 −1
2
)(
ℓ+1
2 +
ℓ′−1
2 +
ℓ′′+1
2 −3
2
ℓ+1
2
−1
)
,
if ℓ+12 +
ℓ′−1
2 +
ℓ′′+1
2 odd ,
( ℓ+1
2
−1
ℓ+1
2 +
ℓ′′+1
2 −
ℓ′−1
2
2
−1
)(
ℓ+1
2 +
ℓ′−1
2 +
ℓ′′+1
2
2
−1
ℓ+1
2
−1
)
+( ℓ+12 +
ℓ′′+1
2 −
ℓ′−1
2 ) ·
( ℓ+1
2
−1
ℓ+1
2 +
ℓ′′+1
2 −
ℓ′−1
2
2
)(
ℓ+1
2 +
ℓ′−1
2 +
ℓ′′+1
2
2
−2
ℓ+1
2
−1
)
,
if ℓ+12 +
ℓ′−1
2 +
ℓ′′+1
2 even ,
that is,
T
(
θ, β; ℓ+12 ,
ℓ′−1
2 ,
ℓ′′+1
2
)
=


ℓ+ℓ′′−ℓ′+3
2
(
ℓ−1
2
ℓ+ℓ′′−ℓ′+1
4
)(
ℓ+ℓ′+ℓ′′−5
4
ℓ−1
2
)
, if ℓ+ℓ
′+ℓ′′+1
2 odd ,
(
ℓ−1
2
ℓ+ℓ′′−ℓ′−1
4
)(
ℓ+ℓ′+ℓ′′−3
4
ℓ−1
2
)
+ ℓ+ℓ
′′−ℓ′+3
2
(
ℓ−1
2
ℓ+ℓ′′−ℓ′+3
4
)(
ℓ+ℓ′+ℓ′′−7
4
ℓ−1
2
)
,
if ℓ+ℓ
′+ℓ′′+1
2 even .
We see that the number of pairs (A,B) of sets A and B in the family (4.1),
with the properties given in (4.7), can be calculated by means of (4.6).
(iv) Let us consider the pairs (A,B) in the family (4.1) such that
{1, t} ∩A = {1} and |{1, t} ∩B| = 0 .
For any such a pair, by [16, Lem. 2.6(i)(a),(iii)], we have
̺(A) = ℓ
′+1
2 and ̺(B) =
ℓ′′−1
2 ;
note also that the set Et − (A∪˙B) is a disjoint union of
ℓ+1
2 intervals.
We denote by
T
(
α, θ; ℓ+12 ,
ℓ′+1
2 ,
ℓ′′−1
2
)
the number of ternary Smirnov words, of length (ℓ + ℓ′ + ℓ′′ + 1)/2, that
start with α, end with θ, and contain exactly ℓ+12 letters θ,
ℓ′+1
2 letters α,
and ℓ
′′−1
2 letters β; in the family (4.1) there are
T
(
α, θ; ℓ+12 ,
ℓ′+1
2 ,
ℓ′′−1
2
)
· c
(
ℓ+1
2 ; t− (j
′ + j′′)
)
· c( ℓ
′+1
2 ; j
′) · c( ℓ
′′−1
2 ; j
′′)
pairs of sets A and B with the properties given in (4.9).
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By analogy with expression (4.17), the number T(α, θ;n(θ), n(α), n(β))
of ternary Smirnov words that start with α, end with θ, and contain n(θ)
letters θ, n(α) letters α, and n(β) letters β, is
T(α, θ;n(θ), n(α), n(β))
=


(n(α) + n(θ)− n(β)) ·
(
n(α)−1
n(α)+n(θ)−n(β)−1
2
)(
n(α)+n(β)+n(θ)−3
2
n(α)−1
)
,
if n(α) + n(β) + n(θ) odd ,
(
n(α)−1
n(α)+n(θ)−n(β)
2
−1
)(
n(α)+n(β)+n(θ)
2
−1
n(α)−1
)
+(n(α) + n(θ)− n(β)) ·
(
n(α)−1
n(α)+n(θ)−n(β)
2
)(
n(α)+n(β)+n(θ)
2
−2
n(α)−1
)
,
if n(α) + n(β) + n(θ) even .
As a consequence,
T
(
α, θ; ℓ+12 ,
ℓ′+1
2 ,
ℓ′′−1
2
)
=


( ℓ
′+1
2 +
ℓ+1
2 −
ℓ′′−1
2 ) ·
(
ℓ′+1
2
−1
ℓ′+1
2 +
ℓ+1
2 −
ℓ′′−1
2 −1
2
)(
ℓ′+1
2 +
ℓ′′−1
2 +
ℓ+1
2 −3
2
ℓ′+1
2
−1
)
,
if ℓ
′+1
2 +
ℓ′′−1
2 +
ℓ+1
2 odd ,
(
ℓ′+1
2
−1
ℓ′+1
2 +
ℓ+1
2 −
ℓ′′−1
2
2
−1
)(
ℓ′+1
2 +
ℓ′′−1
2 +
ℓ+1
2
2
−1
ℓ′+1
2
−1
)
+( ℓ
′+1
2 +
ℓ+1
2 −
ℓ′′−1
2 ) ·
(
ℓ′+1
2
−1
ℓ′+1
2 +
ℓ+1
2 −
ℓ′′−1
2
2
)(
ℓ′+1
2 +
ℓ′′−1
2 +
ℓ+1
2
2
−2
ℓ′+1
2
−1
)
,
if ℓ
′+1
2 +
ℓ′′−1
2 +
ℓ+1
2 even ,
that is,
T
(
α, θ; ℓ+12 ,
ℓ′+1
2 ,
ℓ′′−1
2
)
=


ℓ+ℓ′−ℓ′′+3
2
(
ℓ′−1
2
ℓ+ℓ′−ℓ′′+1
4
)(
ℓ+ℓ′+ℓ′′−5
4
ℓ′−1
2
)
, if ℓ+ℓ
′+ℓ′′+1
2 odd ,
(
ℓ′−1
2
ℓ+ℓ′−ℓ′′−1
4
)(
ℓ+ℓ′+ℓ′′−3
4
ℓ′−1
2
)
+ ℓ+ℓ
′−ℓ′′+3
2
(
ℓ′−1
2
ℓ+ℓ′−ℓ′′+3
4
)(
ℓ+ℓ′+ℓ′′−7
4
ℓ′−1
2
)
,
if ℓ+ℓ
′+ℓ′′+1
2 even .
We see that the number of pairs (A,B) of sets A and B in the family (4.1),
with the properties given in (4.9), can be calculated by means of (4.8).
(v) Let us consider the pairs (A,B) in the family (4.1) such that
{1, t} ∩A = {1} and {1, t} ∩B = {t} .
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For any such a pair, by [16, Lem. 2.6(i)(a), (i)(b), (iii)], we know that
̺(A) = ℓ
′+1
2 and ̺(B) =
ℓ′′+1
2 ,
and the set Et − (A∪˙B) is a disjoint union of
ℓ−1
2 intervals.
We denote by
T
(
α, β; ℓ−12 ,
ℓ′+1
2 ,
ℓ′′+1
2
)
the number of ternary Smirnov words, of length (ℓ + ℓ′ + ℓ′′ + 1)/2, that
start with α, end with β, and contain ℓ−12 letters θ,
ℓ′+1
2 letters α, and
ℓ′′+1
2
letters β; in the family (4.1) there are
T
(
α, β; ℓ−12 ,
ℓ′+1
2 ,
ℓ′′+1
2
)
· c
(
ℓ−1
2 ; t− (j
′ + j′′)
)
· c( ℓ
′+1
2 ; j
′) · c( ℓ
′′+1
2 ; j
′′)
pairs of sets A and B with the properties given in (4.11).
By analogy with expression (4.17), the number T(α, β;n(θ), n(α), n(β))
of ternary Smirnov words that start with α, end with β, and contain n(θ)
letters θ, n(α) letters α and n(β) letters β, is
T(α, β;n(θ), n(α), n(β))
=


(n(α) + n(β)− n(θ)) ·
(
n(α)−1
n(α)+n(β)−n(θ)−1
2
)(
n(α)+n(θ)+n(β)−3
2
n(α)−1
)
,
if n(α) + n(θ) + n(β) odd ,
(
n(α)−1
n(α)+n(β)−n(θ)
2
−1
)(
n(α)+n(θ)+n(β)
2
−1
n(α)−1
)
+(n(α) + n(β)− n(θ)) ·
(
n(α)−1
n(α)+n(β)−n(θ)
2
)(
n(α)+n(θ)+n(β)
2
−2
n(α)−1
)
,
if n(α) + n(θ) + n(β) even .
As a consequence,
T
(
α, β; ℓ−12 ,
ℓ′+1
2 ,
ℓ′′+1
2
)
=


( ℓ
′+1
2 +
ℓ′′+1
2 −
ℓ−1
2 ) ·
(
ℓ′+1
2
−1
ℓ′+1
2 +
ℓ′′+1
2 −
ℓ−1
2 −1
2
)(
ℓ′+1
2 +
ℓ−1
2 +
ℓ′′+1
2 −3
2
ℓ′+1
2
−1
)
,
if ℓ
′+1
2 +
ℓ−1
2 +
ℓ′′+1
2 odd ,
(
ℓ′+1
2
−1
ℓ′+1
2 +
ℓ′′+1
2 −
ℓ−1
2
2
−1
)(
ℓ′+1
2 +
ℓ−1
2 +
ℓ′′+1
2
2
−1
ℓ′+1
2
−1
)
+( ℓ
′+1
2 +
ℓ′′+1
2 −
ℓ−1
2 ) ·
(
ℓ′+1
2
−1
ℓ′+1
2 +
ℓ′′+1
2 −
ℓ−1
2
2
)(
ℓ′+1
2 +
ℓ−1
2 +
ℓ′′+1
2
2
−2
ℓ′+1
2
−1
)
,
if ℓ
′+1
2 +
ℓ−1
2 +
ℓ′′+1
2 even ,
A.O. MATVEEV 15
that is,
T
(
α, β; ℓ−12 ,
ℓ′+1
2 ,
ℓ′′+1
2
)
=


ℓ′+ℓ′′−ℓ+3
2
(
ℓ′−1
2
ℓ′+ℓ′′−ℓ+1
4
)(
ℓ+ℓ′+ℓ′′−5
4
ℓ′−1
2
)
, if ℓ+ℓ
′+ℓ′′+1
2 odd ,
(
ℓ′−1
2
ℓ′+ℓ′′−ℓ−1
4
)(
ℓ+ℓ′+ℓ′′−3
4
ℓ′−1
2
)
+ ℓ
′+ℓ′′−ℓ+3
2
(
ℓ′−1
2
ℓ′+ℓ′′−ℓ+3
4
)(
ℓ+ℓ′+ℓ′′−7
4
ℓ′−1
2
)
,
if ℓ+ℓ
′+ℓ′′+1
2 even .
We see that the number of pairs (A,B) of sets A and B in the family (4.1),
with the properties given in (4.11), can be calculated by means of (4.10).
Assertions (vi), (vii), (viii) and (ix) are analogues of assertions (ii), (iii),
(iv) and (v), respectively. 
Appendix: Enumeration of ternary Smirnov words
in the framework of [19]
The words without consecutive equal letters, called the Smirnov words
after the work [24], are investigated, applied and enumerated, e.g., in [1, 2][4,
Examples 7.45, 8.14 and 8.16],[5, 6],[7, Examples III.24 and IV.10],[8],[10,
§2.4 and Exercise 3.5.1],[11, 12, 13, 14],[17, Examples 2.2.10 and 13.3.5],[18,
§4.8],[19, 20, 21, 22, 23, 25, 26]. The importance of these words can easily
be explained [7, p. 205]:
Start from a Smirnov word and substitute for any letter aj that
appears in it an arbitrary nonempty sequence of letters aj. When
this operation is done at all places of a Smirnov word, it gives rise
to an unconstrained word. Conversely, any word can be associated
to a unique Smirnov word by collapsing into single letters maximal
groups of contiguous equal letters.
Let {θ, α, β} be a three-letter alphabet, and let ‘u’,‘v’ and ‘w’ be formal
variables which mark the letters θ, α and β, respectively. The ordinary
trivariate generating function of the set of ternary Smirnov words is
1
1−
(
u
1+u +
v
1+v +
w
1+w
) = (1 + u)(1 + v)(1 + w)
1− (uv + uw + vw + 2uvw)
; (4.12)
see [7, Example III.24] and [10, §2.4.16] on the general multivariate gener-
ating function of the Smirnov words.
In the theoretical framework of [19], let us consider the system of gener-
ating functions

fθ(u, v,w) = u + ufα(u, v,w) + ufβ(u, v,w) ,
fα(u, v,w) = vfθ(u, v,w) + vfβ(u, v,w) ,
fβ(u, v,w) = wfθ(u, v,w) + wfα(u, v,w)
(4.13)
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(where again the formal variable ‘u’ marks the letters θ, the variable ‘v’
marks the letters α, and the variable ‘w’ marks the letters β) rewritten, for
short, as 

fθ = u+ ufα + ufβ ,
fα = vfθ + vfβ ,
fβ = wfθ +wfα .
For a letter s ∈ {θ, α, β}, the generating function fs := fs(u, v,w) is meant
to count the ternary Smirnov words starting with the letter θ and ending
with the letter s.
The solutions to the system (4.13) are
fθ =
u(1− vw)
1− (uv + uw + vw+ 2uvw)
,
fα =
uv(1 + w)
1− (uv + uw + vw+ 2uvw)
and
fβ =
uw(1 + v)
1− (uv + uw + vw+ 2uvw)
,
cf. (4.12). Thus, we have1
fθ =
∞∑
k=1
(
v + w + 2vw
1− vw
)k−1
uk , (4.14)
fα = v(1 + w)
∞∑
k=1
(v + w + 2vw)k−1
(1− vw)k
uk
and
fβ = w(1 + v)
∞∑
k=1
(v + w + 2vw)k−1
(1− vw)k
uk . (4.15)
Remark 4.2. In the framework of [19], the numbers T(θ, s; k, i, j) of distinct
ternary Smirnov words that start with the letter θ, end with a letter s ∈
{θ, β}, and contain k letters θ, i letters α, and j letters β, can be read off
from the power series representations of the generating functions fs, given
in (4.14) and (4.15), as the coefficients [ukviwj]fs of u
kviwj :
1Requests of the form
series of rational generating function
and
series of rational generating function wrt formal variable
were made to the online Wolfram|Alpha computational knowledge engine.
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(i)
T(θ, θ; k, i, j) =


(
k−1
k+i−j−1
2
)(
k+i+j−3
2
k−2
)
, if k + i+ j odd ,
(k + i− j) ·
(
k−1
k+i−j
2
)(
k+i+j
2
−2
k−2
)
, if k + i+ j even .
(4.16)
(ii)
T(θ, β; k, i, j) =


(k + j − i) ·
(
k−1
k+j−i−1
2
)(
k+i+j−3
2
k−1
)
, if k + i+ j odd ,
(
k−1
k+j−i
2
−1
)(
k+i+j
2
−1
k−1
)
+ (k + j − i) ·
(
k−1
k+j−i
2
)(
k+i+j
2
−2
k−1
)
,
if k + i+ j even .
(4.17)
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